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We study the accelerating expansion and the induced dark energy of the 5D Ricci-flat
universe which is characterized by having a big bounce as opposed to a big bang. We
show that the arbitrary function µ(t) contained in the 5D solutions can be rewritten
in terms of the redshift z as a new arbitrary function f(z), and we find that there is a
correspondence between this f(z) and the potential V (φ) of the 4D quintessence models.
Using this correspondence, the arbitrary function f(z) and the 5D solution could be
specified for a given form of the potential V (φ).
Keywords: Kaluza-Klein theory; cosmology
PACS Nos.: 04.50.+h, 98.80.-k.
1. Introduction
Recent observations of high redshift Type Ia supernovae reveal that our universe
is undergoing an accelerated expansion rather than decelerated expansion 1,2,3.
In addition, the discovery of Cosmic Microwave Background (CMB) anisotropy
on degree scales together with the galaxy redshift surveys indicate Ωtotal ≃ 1
4
and Ωm ≃ 1/ 3. All these results strongly suggest that the universe is permeated
smoothly by ’dark energy’ which has a negative pressure and violates the strong
energy condition. The dark energy and accelerating universe has been discussed
extensively from different points of view 5,6,8. In principle, a natural candidate to
dark energy could be a small cosmological constant. However, there exist serious
theoretical problems: fine tuning problem and coincidence problem. To overcome the
coincidence problem, some self-interacting scaler fields φ with an equation of state
(EOS) wφ = pφ /ρφ were introduced dubbed quintessence, where wφ is time varying
and negative. In principle, the potentials of the scalar field would be determined
from the underlying physical theories, such as Supergravity, Superstring/M-theory
etc.. However, disregarding these underlying physical theories and just starting from
the phenomenal level, one can design many kinds of potentials to solve the concrete
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problems 5,7. Once the potentials are given, EOS wφ of dark energy can be found.
On the contrary, the potential can be reconstructed by a given EOS wφ
9. Then,
the forms of the scalar potential can be obtained by the observations data with a
given EOS wφ.
The idea that our world may have more than four dimensions is due to Kaluza
10, who unified Einstein’s theory of General Relativity with Maxwell’s theory of
Electromagnetism in a 5D manifold. In 1926, Klein reconsidered Kaluza’s idea and
treated the extra dimension as a compacted small circle topologically 11. After-
wards, the Kaluza-Klein idea has been studied extensively from different points of
view. Among them, a kind of theory named Space-Time-Matter theory is designed
to incorporate the geometry and matter by Wesson and his collaborators, for reviews
please see 13 and references therein. In STM theory, our world is a hypersurface
embedded in a five-dimensional Ricci flat (RAB = 0) manifold and all the matter in
our world are induced from the higher dimension, which is supported by Campbell’s
theorem 12 which says that any analytical solution of Einstein field equation of N
dimensions can be locally embedded in a Ricci-flat manifold of (N + 1) dimensions.
Since the matter are induced from the extra dimension, this theory is also called
induced matter theory. The application of the idea about induced matter or induced
geometry can also be found in other situations 14. The STM theory allows the met-
ric components to be dependent on the extra dimension and does not require the
extra dimension to be compact or not. The consequent cosmology in STM theory
is studied in 15, 16, 17.
2. 4D dark energy models with quintessence
In a 4D spatially flat FLRW universe, the Friedmann equation can be written as
H2 =
8piG
3
(Σiργi + ρφ) , (1)
where, the universe is dominated by barotropic perfect fluids with equation of state
(EOS) ργi = γipγi (0 ≤ γi ≤ 1) (where γ = 0 for pressureless cold dark matter and
γ = 1/3 for radiation) and spatially homogenous scalar filed φ, dubbed quintessence.
The energy density and pressure of the scalar field φ are
ρφ =
1
2
φ˙2 + V (φ),
pφ =
1
2
φ˙2 − V (φ), (2)
respectively, where V (φ) is the potential of the scalar field. The potential of the
scalar fields is designed in different forms to obtain desired properties as has been
interpreted in the introduction 1. The equation of state of the scalar field is
wφ =
pφ
ρφ
. (3)
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Using Eqs. (2)-(3), one has
1
2
φ˙2 =
1
2
(1 + wφ) ρφ,
V (φ) =
1
2
(1− wφ) ρφ. (4)
The evolution equation of the scalar field φ is
ρ˙φ + 3H (ρφ + pφ) = 0, (5)
which yields 9
ρφ(z) = ρφ0 exp
[
3
∫ z
0
(1 + wφ)d ln(1 + z)
]
≡ ρφ0E(z), (6)
where, 1 + z = a0
a
is the redshift and the subscript 0 denotes the current value.
Then one obtains the potential in term of wφ
V [(φ)] =
1
2
(1− wφ)ρφ0E(z). (7)
In terms of redshift, the Friedmann equation can be written as
H(z)2 = H20
[
ΣiΩγi0(1 + z)
3(γi+1) +Ωφ0E(z)
]
, (8)
where, Ωγi0s and Ωφ0 are the current values of dimensionless density parameters
determined by observations.
3. Dark energy in 5D models
Within the framework of STM theory, a class of exact 5D cosmological solution was
given by Liu and Mashhoon in 1995 18. Then, in 2001, Liu and Wesson 15 restudied
the solution and showed that it describes a cosmological model with a big bounce
as opposed to a big bang. The 5D metric of this solution reads
dS2 = B2dt2 −A2
(
dr2
1− kr2
+ r2dΩ2
)
− dy2 (9)
where dΩ2 ≡
(
dθ2 + sin2 θdφ2
)
and
A2 =
(
µ2 + k
)
y2 + 2νy +
ν2 +K
µ2 + k
,
B =
1
µ
∂A
∂t
≡
A˙
µ
. (10)
Here µ = µ(t) and ν = ν(t) are two arbitrary functions of t, k is the 3D curva-
ture index (k = ±1, 0), and K is a constant. This solution satisfies the 5D vacuum
equation RAB = 0. So, the three invariants are
I1 ≡ R = 0, I2 ≡ R
ABRAB = 0,
I3 = RABCDR
ABCD =
72K2
A8
. (11)
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The invariant I3 in Eq. (11) shows that K determines the curvature of the 5D
manifold. It would be pointed out that the 5D and 4D Planck mass are not related
directly, because in the STM theory one always has 5GAB = 0. So, in 4D we can
take κ24 = 8piG4, where G4 is 4D Newtonian gravitation constant.
Using the 4D part of the 5D metric (9) to calculate the 4D Einstein tensor, one
obtains
(4)G00 =
3
(
µ2 + k
)
A2
,
(4)G11 =
(4)G22 =
(4) G33 =
2µµ˙
AA˙
+
µ2 + k
A2
. (12)
In our previous work 17, the induced matter was set to be a conventional matter plus
a time variable cosmological ‘constant’ or three components: dark matter radiation
and x-matter. In this paper, we assume that the induced matter contains four parts:
CDM ρcd, baryons ρb, radiation ρr and dark energy ρde. So, we have
3
(
µ2 + k
)
A2
= ρcd + ρb + ρr + ρde,
2µµ˙
AA˙
+
µ2 + k
A2
= − (pcd + pb + pr + pde) , (13)
where
pcd = 0, pb = 0, pr = ρr/3, pde = wdeρde. (14)
From Eqs.(13) and (14), one obtains the EOS of the dark energy
wde =
pde
ρde
= −
2 µµ˙/AA˙+
(
µ2 + k
)/
A2 + ρr0A
−4/3
3 (µ2 + k)/A2 − ρcd0A−3 − ρb0A−3 − ρr0A−4
, (15)
and the dimensionless density parameters
Ωcd =
ρcd
ρcd + ρb + ρr + ρde
=
ρcd0
3 (µ2 + k)A
, (16)
Ωb =
ρb
ρcd + ρb + ρr + ρde
=
ρb0
3 (µ2 + k)A
, (17)
Ωr =
ρr
ρcd + ρb + ρr + ρde
=
ρr0
3 (µ2 + k)A2
, (18)
Ωde = 1− Ωcd − Ωb − Ωr. (19)
where ρcd0 = ρ¯cd0A
3
0, ρb0 = ρ¯b0A
3
0 and ρr0 = ρ¯r0A
4
0. The Hubble and deceleration
parameters were given in 15, 17,
H ≡
A˙
AB
=
µ
A
(20)
q (t, y) ≡ −A
d2A
dτ2
/(
dA
dτ
)2
= −
Aµ˙
µA˙
, (21)
from which we see that µ˙ /µ > 0 represents an accelerating universe, µ˙ /µ < 0
represents a decelerating universe. So the function µ(t) plays a crucial role in defining
the properties of the universe at late time.
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4. Late time evolution of the cosmological parameters versus
redshift
We only consider the spatial flat case k = 0. In Eqs. (13)-(21), ν(t) does not explicitly
appear in the equations. So, to avoid boring to choose the concrete forms ν(t), we
use A0 /A = 1 + z and define µ
2
0
/
µ2z = f (z) (noting that f(0) ≡ 1), and then we
find that the Eqs. (15)-(21) reduce to
wx = −
1 + Ωr + (1 + z) d ln f (z) /dz
3− 3Ωcd − 3Ωb − 3Ωr
, (22)
Ωcd = Ωcd0 (1 + z) f (z) , (23)
Ωb = Ωb0 (1 + z) f (z) , (24)
Ωr = Ωr0 (1 + z)
2
f (z) , (25)
Ωde = 1− Ωcd − Ωb − Ωr, (26)
q =
1 + 3Ωxwx +Ωr
2
= −
(1 + z)
2
d ln f (z)
dz
. (27)
As is known from the quintessence and phantom dynamical dark energy models,
there exist undefined potentials V (φ). One can choose different forms of the potential
V (φ) to describe the desired properties of dark energy 7, in which many forms of the
potential are given. Now, there is an arbitrary function µ(t) in the present 5D model.
Different choice of µ(t) corresponds to different choice of the potential V (φ) in
quintessence or phantom models. By transforming t to redshift z, the choices of µ(t)
corresponds to the choice of f(z). This enables us to look for desired properties of
the universe via Eqs. (22)-(27). In these definition, the Friedmann equation becomes
H2 = H20 (1 + z)
2f(z)−1, (28)
where, H0 is the current Hubble parameter. These enable us to use the supernova
observations data to constrain the parameters contained in the model or function
f(z). And then we can postulate it in the early evolution epoch of the universe
and discuss the possible phenomena. By comparing Eq. (28) with Eq. (8), we find
that there exists some correspondence between the undefined potential V (φ) and
the function f(z). In naive, we can take f(z) as follows
f(z) = (1 + z)2
[
ΣiΩγi0(1 + z)
3(γi+1) +Ωφ0E(z)
]
−1
, (29)
From Eq. (29), it is easy to see that the function E(z) is determined by the particular
potential V (φ) and by this kind of correspondence the function f(z) is defined. Then,
the evolutions of the density components and the EOS of dark energy can be derived
in this way. As did in Ref. 9, we consider the following cases as examples
Case I: wφ = w0 (Ref.
19)
V˜ (z) =
1
2
(1− w0)(1 + z)
3(1+w0), (30)
E(z) = (1 + z)3(1+w0), (31)
f(z) = (1 + z)2
[
ΣiΩγi0(1 + z)
3(γi+1) +Ωφ0(1 + z)
3(1+w0)
]
−1
. (32)
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Fig. 1. Case I: The evolution of the dimensionless density parameters Ωcd, Ωde, Ωb, Ωr and
deceleration parameter q, EOS of dark energy wx versus redshift z, where Ωcd0 = 0.25, Ωde0 =
0.6991, Ωb0 = 0.05, Ωb0 = 0.0009 and ω0 = −1.14.
The evolutions of the dimensionless energy density parameters Ωis, EOS of dark
energy ωx and decelerated parameter q are plotted in Fig. (1) in this case.
Case II: wφ = w0 + w1z (Ref.
20)
V˜ (z) =
1
2
(1 − w0 − w1z)(1 + z)
3(1+w0−w1)e3w1z, (33)
E(z) = (1 + z)3(1+w0−w1)e3w1z, (34)
f(z) = (1 + z)2
[
ΣiΩγi0(1 + z)
3(γi+1) +Ωφ0(1 + z)
3(1+w0−w1)e3w1z
]
−1
. (35)
The evolutions of the dimensionless energy density parameters Ωis, EOS of dark
energy ωx and decelerated parameter q are plotted in Fig. (2) for Case II.
Case III: wφ = w0 + w1
z
1+z (Ref.
21,22,23)
V˜ (z) =
1
2
(
1− w0 − w1
z
1 + z
)
(1 + z)3(1+w0+w1)e−3w1
z
1+z , (36)
E(z) = (1 + z)3(1+w0+w1)e−3w1
z
1+z , (37)
f(z) = (1 + z)2
[
ΣiΩγi0(1 + z)
3(γi+1) +Ωφ0(1 + z)
3(1+w0+w1)e−3w1
z
1+z
]
−1
.(38)
The evolutions of the dimensionless energy density parameters Ωis, EOS of dark
energy ωx and decelerated parameter q are plotted in Fig. (3) for Case III.
Case IV: wφ = w0 + w1 ln(1 + z) (Ref.
24)
V˜ (z) =
1
2
[1− w0 − w1 ln(1 + z)] (1 + z)
3(1+w0)+
3
2
w1 ln(1+z), (39)
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Fig. 2. Case II: The evolution of the dimensionless density parameters Ωcd, Ωde, Ωb, Ωr and
deceleration parameter q, EOS of dark energy wx versus redshift z, where Ωcd0 = 0.25, Ωde0 =
0.6991, Ωb0 = 0.05, Ωb0 = 0.0009 and ω0 = −1.14 and ω1 = −0.5.
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Fig. 3. Case III: The evolution of the dimensionless density parameters Ωcd, Ωde, Ωb, Ωr and
deceleration parameter q, EOS of dark energy wx versus redshift z, where Ωcd0 = 0.25, Ωde0 =
0.6991, Ωb0 = 0.05, Ωb0 = 0.0009 and ω0 = −1.14 and ω1 = −0.5.
E(z) = (1 + z)3(1+w0)+
3
2
w1 ln(1+z), (40)
f(z) = (1 + z)2
[
ΣiΩγi0(1 + z)
3(γi+1) +Ωφ0(1 + z)
3(1+w0)+
3
2
w1 ln(1+z)
]
−1
. (41)
November 7, 2018 0:16 WSPC/INSTRUCTION FILE mpla
8 Lixin Xu and Hongya Liu, Baorong Chang
2.5 5 7.5 10 12.5 15 17.5 20
z
-1.5
-1
-0.5
0
0.5
1
w
x
q
W
r
W
b
W
c
d
W
de
Wcd
Wb
WdeWr
q
wx
Fig. 4. Case IV: The evolution of the dimensionless density parameters Ωcd, Ωde, Ωb, Ωr and
deceleration parameter q, EOS of dark energy wx versus redshift z, where Ωcd0 = 0.25, Ωde0 =
0.6991, Ωb0 = 0.05, Ωb0 = 0.0009 and ω0 = −1.14 and ω1 = −0.5.
The evolutions of the dimensionless energy density parameters Ωis, EOS of dark
energy ωx and decelerated parameter q are plotted in Fig. (4) for Case IV.
From the above examples, it is found that the dark energy dominating the accel-
erating universe in our case can be obtained by using the correspondence between
f(z) and V (φ). In the above cases, we took the values of parameters at discretion
to describe the correspondence. The observation values of the parameters can be
determined by the data from supernovae observations easily.
5. Conclusions
A general class of 5D cosmological models is characterized by a big bounce as
opposed to the big bang in 4D standard cosmological model. This exact solution
contains two arbitrary functions µ(t) and ν(t), which are in analogy to the different
forms of the potential V (φ) in quintessence or phantom dark energy models. Also,
once the forms of the arbitrary functions are specified, the universe evolution will
be determined. In this paper, we study these correspondence between the arbitrary
function f(z) and the scalar field potential V (φ). By these correspondences, we can
define the arbitrary form f(z). And then the evolution of the universe is determined
by the correspondence. Four special cases of potentials V (φ) are discussed. In all
these cases, dark energy dominated accelerating universe are obtained.
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